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Abstract 
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It was recently proven by De Lellis, Kappeler, and Topalov in [17] that the periodic Cauchy problem for 

the Camassa-Holm equations is locally well-posed in the space Lip(T) endowed with the topology of _ff 1 (T). 

We prove here that the Lagrangian flow of these solutions are analytic with respect to time and smooth with 

CO ' respect to the initial data. 

These results can be adapted to the higher-order Camassa-Holm equations describing the exponential 

curves of the manifold of orientation preserving diffeomorphisms of T using the Riemannian structure induced 

by the Sobolev inner product H (T), for I £ N, I ^ 2 (the classical Camassa-Holm equation corresponds to 

the case I = 1): the periodic Cauchy problem is locally well-posed in the space W 2l ~ 1,0 ° (T) endowed with 

the topology of _H" 2i_1 (T) and the Lagrangian flows of these solutions are analytic with respect to time with 



Ctf 



(1.1) 



< 

C] values in W u 1,00 (T) and smooth with respect to the initial data. 

These results extend some earlier results which dealt with more regular solutions. In particular our 
results cover the case of peakons, up to the first collision. 

1 Introduction 

>'■ 

qq . We consider the Cauchy problem for the Camassa-Holm equations: 

ov f 

OO , f d t u - d txx u + 3ud x u - 2d x ud xx u - ud xxx u = 0, 

[ u(0, x) = u (x), 

f**^ , where x runs over the line R or the one-dimensional torus T. 
£NJ ■ This equation has been derived independently by: 

• Fokas and Fuchssteiner [18] where it appears as a member of a whole family of bi-hamiltonian equations 
. ,-h ' generated by the method of recursion operator, 

• Camassa and Holm in 5 as a model for the propagation of water waves in the shallow water regime, when 
the wavelength is considerably larger than the average water depth (then u represents the velocity, and 
also, roughly, the height of the water's free surface above a flat bottom see [T2]V 

• Dai |13j as a model for the propagation of nonlinear waves in cylindrical hyperelastic rods (in this case 
the function u represents the radial stretch). 

This equation attracted a lot of attention for its rich structure: 

• it is formally integrable, in the sense that there is an associated Lax pair, 

• its solitary waves are solitons, i.e. they retain their shape and speed after the interaction with waves of 
the same type, 
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• the Camassa-Holm equation possesses not only solutions that are global in time but models also wave 
breaking in finite time. Wave breaking is an important physical phenomenon which is not captured by 
the other standard shallow water equations, as for example the KdV equation, and therefore makes the 
Camassa-Holm equation particularly interesting in that context. 

Applying the operator (d\ — 1) _1 to the equation (|1.1[) we get the following non local form of the Camassa-Holm 
equations: 

-{dl-i)P = u 2 + \{d x u)\ [LZ) 

which have a sense in S' for all u in L 1 1 oc (R; H 1 ), where H 1 denotes the usual Sobolev space of order 1. This space 
H 1 may appear as a very natural space to study this equation since, formally, the solutions of (|1.2p preserves 
the H norm. Actually one gets a better insight into this time-invariance of the H 1 norm by introducing the 
quantity 

m := u — d x u. (1.3) 

This quantity m plays a special role in the theory. It can be compared to the vorticity for the incompressible 
Euler equation. Moreover, if the equation is set on R, integrating by parts and using that the relation (|1.3|) can 
be inverted into the formula 

u{x) = \ [ m(y)e-\ x -«\ dy, (1.4) 



we obtain that the square of the H 1 norm 

1 



u ll_ffi(B) — 2 



m(y)m{x)e \ x y][ dxdy (1.5) 



can be reinterpreted as an interaction energy. 



Yet the well-posedness of the equation (|1.2[) for initial data uo in H 1 is a difficult issue. The first results 
of well-posedness were obtained for smoother data. For instance Constantin and Escher [8\ first established 
the well-posedness of the equation (|l.l|l for uo in the Sobolev space i? 3 (R), by applying Kato's theory for a 
hyperbolic quasi-linear PDE satisfied by m. 

It has been subsequently proved by various methods that the problem (jl.2p is locally well-posed in the 
Sobolev space _ff s (R) with s > 3/2 in [3T1 [26l [28j [14l [15] . These results hold only for a finite time interval, as 
it may appear a point where the profile of u steepens gradually and ultimately the slope becomes vertical. In 
the context of water waves, this corresponds to the breaking of a wave, see the paper of Constantin and Escher 

3 

[9] (see also the recent paper j2]). In JT5], Danchin have extended well-posedness to the Besov space i? 2 2 1 (R). 

In [25] G. Misiolek proved that (|1.2p is locally well-posed in the space C 1 (T) of continuously diffcrcntiable 
functions of the one-dimensional torus T. Finally De Lellis, Kappeler, and Topalov [T7] recently proved that 
the equation (|1.2p set on the torus T is well-posed in W S ' P (T) (~1 Lip(T), endowed with the topology of W S ' P (T), 
provided that 1 ^ s < 2 and 1 ^ p < +oo. We rephrase their result here, only in the case p = 2, for sake of 
simplicity. 

Theorem 1 ( |17j). Let Uq be in Lip(T). Then there exists T > and a unique solution 

u e C((-T, T), (Lip(T),a mm )) D C l ((-T, T); (L°°(T), a L2(T) )) 

of (|1.2p . Moreover for any uq in LipiT) there exists T > and a neighborhood V of uq in (Lip(T),crH^(T)) such 
that the map 

V^C((-r,T);(L^(T),aH 1 ( T )))nC 1 ((-T,T);( J L 00 (T),a L2(T) )), 
uo ^ the corresponding solution u of (|1.2p 



is well-defined and continuous. 

In the statement above the notation (Lip(T),crjyi(x)) and (L°°(T), cr^n-y) means that the space Lip(T) and 
L°°(T) are respectively endowed with the topology of H 1 (T) and L 2 (T). It is shown in [TTJ Section 1.2] that 
the solution u given by Theorem [1] may not be continuous with respect to time in the space Lip(T), endowed 
with its usual strong topology. 



The proof of Theorem Q] relies on the Lagrangian description of the Camassa-Holm equation and on the 
observation that the flow map £ defined from (— T, T) x T to T by 

£(t, x) = x + / u(s,£(s,x))ds (1-7) 

Jo 

and the Lagrangian velocity u(t,£(t,x)) are more regular than the Eulerian velocity u(t,x). In particular £ is 
C 1 over (—T,T) with values in Lip(T), endowed with its strong topology. 

The aim of this paper is to prove that the flow map of these solutions actually benefits from extra smoothness 
properties. In particular we prove the following result concerning the smoothness in time of the flow map. 

Theorem 2. Assume that uq is in Lip(T). Then, with the notations above, £ belongs to the space C u {{—T, T); Lip(T)) 
of the analytic functions from (—T,T) to Lip(T). 

As a corollary of Theorem [2] we infer that the flow is also smooth with respect to the initial data. 

Corollary 1. With the previous notations, the map 

V^C»((-T,T);Lip(T)), 



(1-8) 



is of class C c 



Actually our results cover a more general case that we are now going to describe. Let us first recall that the 
Camassa-Holm equation describes the exponential curves of the manifold of orientation preserving diffeomor- 
phisms of T using the Riemannian structure induced by the Sobolev inner product H 1 (T) (see for instance [2 5) 
and references therein). 

This can be seen as a counterpart of the celebrated papers [1] and [16] where classical solutions of the 
incompressible Euler equations are interpreted as geodesies of a Riemannian manifold of infinite dimension. 

In this spirit some higher-order Camassa-Holm equations can be considered using the Sobolev space H (T), 
for I g N, I ^ 2, instead of iJ 1 (T), see for instance [TUHH]. These equations read: 

d t u + ud x u = Af l Ci(v,) (1.9) 

where 

l 
At := J^-lW, C,(«) := -uA t d x u + Mud x u) - 2{d x u)A lU . (1.10) 

3=0 

For these equations we have the following well-posedness result which is a counterpart of Theorem Q] 
Theorem 3. Let I £N, 1^1. Let uo be in W 2 l '°°(T). Then there exists T > and only one solution 

M £C7((-T ; T),(^ 2i - 1 ^(T),a H2! - 1(T) ))nC 1 ((-T,T),(^ 2 '- 2 ^(T),^ 2! - 2(T) )) 

of (|1.2I) . Moreover for any uq in W^' 00 ^) there exists T > and a neighborhood V ofuo in (M /2 ' _1,00 (T), o~ H 2i-i(j\) 
such that the map 

V^C7((-T,T),(^ 2i - 1 ^(T),a H2! - 1(T) ))nC 1 ((-r,T),(^ 2i - 2 ^(T),^ 2! - 2(T) )), 
uo M> the corresponding solution u of (ll.9[) 

is well-defined and continuous. 

In the statement above the notation (W 2l ~ 1: °°(T), <7jj=i-i(t)) an d (W^ 2 ' _2 '°°(T), <Jh 21 - 2 (t))) stands for the 
spaces W 2 * _1 '°°(T) and W^- 2 <°°(T) endowed with the topologies of H 21 ' 1 ^) and H 2l - 2 (T) respectively. 

We will sketch the proof of this Theorem in Appendix for sake of completeness. Similarly to the case I = 1 
this proof also provides that the flow £ defined from (— T, T) x T to T by 

£(£, x) = x + / u(s,£(s,x))ds 
Jo 

is C 1 over (-T,T) with values in W 21 " 1 - 00 ^). 

The next result is the main one of the paper; it shows that the smoothness of the flow map is actually much 
better. 



Theorem 4. Assume that uq is in W 21 l,ca (T). Then, with the notations above, the flow map £ is in the space 
<7"((-T',T),W 2t - 1 > 0o (T)). 

Then Corollary [T] extends as follows. 

Corollary 2. With the previous notations, the map u Q e V ^ £ E C U ((-T,T); W 2 ' -1,00 (T)) is C°° . 

Three remarks are in order. 

• This extends some earlier results by QI3 HU [23] where the initial data uq was assumed to be much 
smoother. 

• Theorem 0] can also be seen as a counterpart of the results of analyticity of the trajectories for the 
incompressible Euler equation, see [35], [5D] and the references therein. In particular the proof of Corollary 
[2] follows the same lines as the proof of [5D] Corollary 1] and will be therefore omitted here. 

• Let us stress that the results above are only local in time, including the existence of solutions "a la 
de Lellis-Kappeler-Topalov" . We refer here to the papers [2TJ [53] about the issue of the finite time blow 
up of some classical solutions (with a slightly different regularity) of the higher-order Camassa-Holm 
equations. In the case of the Camassa-Holm equations, when I = 1, the issue of wave breaking in finite 
time is a longstanding feature, intimately related to the interaction of the peakons. We will discuss this 
issue more closely in Section [3] 

Finally let us mention here the papers |19j and |30j which deal with the issues of control and of stabilization of 
the Camassa-Holm equation. 

2 Proof of Theorem [4] 

This section is devoted to the proof of Theorem 2] 

2.1 Preliminary material 

Let us start with a few remarks. 

Rewriting the equation. In the sequel we will simply denote by A the operator Ai defined in (|1.10j) . Following 
[7] the equation (|1.9p also reads: 

d t u + ud x u + d x P = 0, AP = T[u], (2.1) 

where T[u] is a differential polynomial in u of order 21 — 1 of the form 

T[u}:= J2 c mi . m2 {dTn){dTn), (2.2) 

0<miH-m 2 <2/-l 

where the c mijJTl2 are some real numbers. 
Denoting the material derivative 

D := d t + ud x , 

the equation (|1.9p takes the form 

Du=-d x P, AP = F[u]. 

Elliptic operators. Let us consider several operators associated to A. 
We define 

e,:=e^, A±:=-»3 a ±&andA±:=A T n((-t0 ffl -6)(-t0 ffl + 6)). (2.3) 

Then A± is under the form 

A±:= J2 d ™ a ™ ( 2 ' 4 ) 



where the d m are some complex numbers, and 

- 2id x = A+ + A_ and A = A+ A+ = A_ A_ . (2.5) 
Now the operators A and A± have the following property. 

Lemma 1. The operator A is bicontinuous from W 2l, °°(T) to L°°(T). The operators A± are bicontinuous from 
W 21 ' 1 ' 00 ^) to L°°(T). 

In particular this yields that when u G W 21 " 1 - 00 ^) then T[u] is in L°°(T) and d x P is in W 2l - l '°°(T). 

Lemma Q] is an immediate consequence from the following elementary one. 

Lemma 2. Let £ G C \ 2irZ and j G N. Then the operator —id x — £ is bicontinuous from W /: ' +1 ' 00 (T) to 
W j '°°(T). 

Proof of Lemma\^ It is clear that the operator — id x — £ is continuous from W / J+ 1 ' 00 (T) to W^'°°(T). In order 
to prove that it is one-to-one, let us solve the equation in /: 

(~id x - Of = 9, (2-6) 

where g G W J,00 (T) is given. The functions / solution to (J2.6I) are given by 

- if{x) = Ce^ x + e iix j g{x')e- iix ' dx', (2.7) 

Jo 

for some C G R. Now to be one-periodic the function / must satisfy /(0) = /(l) so that 

C{1 - e*) = e 4 « I g{x')e^ x ' dx' , 

JO 

which defines C in a unique way since (eC\ 2-7rZ. Now it is clear from the formula (|2 . T[) that the operator 
{~id x — £) has a continuous inverse from PV J '°°(T) to W /J+1,00 (T). □ 

A formal identity. We will use the following identity, which details the lack of commutation between D k and 
9™ , for m G N* . This approach is inspired by [24] . 

Lemma 3. For k G N*. for m G N* , we have for smooth functions u,ip G C°°((-T,T) x T;R), 

d™D k TP=D k d™iP + F k ' m [u,i>] where F k ' m [u,i(>] := £ c fc , m ( 7 ) /(t)[«, 0, (2-8) 

Tee*,™ 

Bfc.m := {7 = (*, a, p) j s € N, 2 ^ s < fc + 1, 

a = (ai,...,Q s )eN s , a I = k + 1 — s, 

/3 = (/3!,...,/3 s )G(N*) s , |/3|=m + s-l}, 

/(7)[«, V] := d^D ai u • . . . • df 3 - 1 ^- 1 ^ • d^D a ^j, 
and where the Ck } m(n) are integers satisfying 

k, m ( 7 )K(2.s) 2( ™- 1) ^. (2.9) 

a\p\ 

Above, for a multi-index a, we used the notations 

lal :=ai + ... + a s and a! := a\\ . . . a s \. 



Remark 1. The writing o//(7)[w,^] is not unique in the sense that one can have /(7)[m, ip] = f{l')[ u >' l fi} with 
7^7'. However, it will be easier in the proof not to regroup identical terms and not to use the commutativity 
of the multiplication. We will only rely on Leibniz 's rule and on 

d x D = Dd x + (d x u)d x . 

Proof of Lemma\^ We proceed by iteration on m. 

1. The case m = 1, which corresponds to the commutation between D k and d x is given by the following lemma. 
Since it can be straightforwardly adapted from [20, Proposition 6], its proof is omitted. 

Lemma 4. For k £N* , we have in T, for we have for smooth functions u, ip £ C°°((—T, T) x T; R), 

d x D k 1>=D k d a il> + F k [u,1>] with F k [u,^}:=Y / c k(d)f(0)[n,^}, 

eeA k 

where 

Ak := {0 •— (s,a) / s £N with 2<a<fc + l, a=(a 1 ,...,a s )eN s with |a| = k + 1 - s}, 

f(d)[u, i/f] := d x D a ^u ■ . . . ■ d x D*-*u ■ d x D a °i>, 

and where the Ck{9) are integers satisfying 

\ck{0)\ < — v (2.10) 

a! 

Hence to conclude in the case m = 1, it suffices to set F fe,1 [u,-0] := F fc [u,?/'] and to observe that 7 := 
(s, a, (3) £ Bk,i means exactly that 9 := (s, a) belongs to Ak and (3 = (1, . . . , 1). 

2. Now let us assume that Lemma [3] holds true up to order m and let us prove that it also holds at order m + 1. 
We will proceed in two steps. First we are going to prove an identity of the form (|2.8[) . then we will estimate 
the coefficients involved in this expression. 

a. First, we observe that, using Lemma [3] at order m and Lemma [4] with d^ip instead of ip, we get 

<9™ +1 L>V = d x (D k d x n iP + F k ' m [u,iP}), 

= D k d x n+1 iP + F k [ Ul d x n iP] + d x F k ' m [u,tp}. 



Moreover 



and for 9 = (s, a), 



F k [u,d^} = J2 c k (O)f0)[u,d^} 

e&A k 



f{9)[u,d r x n ij} = d x D^u-...-d x D & ^u-d x D^d x n ij 

= d x D &1 u ■ ...■ d x D aM - 1 u ■ d r x n+1 D^iP + d x D &1 u ■ ...■ d x D 6 "- 1 u ■ d x F &s ' m [u,tp], 

using again Lemma [3] at order m with as instead of k. 

It follows that the commutator of d x n+1 and D k can be described as 

d r x n+1 D k ^ - D k dl n+1 i) = J2 Ck ^ d x Ddilu ■■■■■ d x D &s ~ l u ■ d 7 x n+1 D & ^ 

eeA k 

+ £ 2 c fc (0)c 5 „ m (7)9 ;EJ D 5l w .....5^^- 1 M -9 :E /(7)[ U ,V] 

e=(s,a)e^i fe T , 6Bag,m 

+ E c fc (7)9x/(7)k^]- (2.H) 

We now discuss according to the three terms in the right hand side of (|2.11[) . 



The first kind of terms in the right hand side of (|2.11[) have the desired form: they can written as f(j)[u, ip] 
with 7 :— (s,a,/3) where s = s, a := (on, . . . , a«) and (3 — (1, . . . , 1, m + 1) G (N*) s satisfy \a\ — k + 1 — s and 
\j3\ = m + s. 

Therefore, it remains to prove the same for the second and third kind of terms in (12.11[) . Concerning the 
third kind of terms in (|2.1ip . using Leibniz's rule, we see that for 7 = (s,a,J3) £ B^.m, the term d x f(j)[u,tjj] 
is a combination of s terms of the form /(7)[u, ip] with 7 G Bk,m+ii so these terms have also the desired form. 
The reasoning for the second kind of terms is analogous. 

Consequently we obtain that (|2.8[) holds true at order m + 1 for some coefficients Ck, m +i(l)- 

b. Let us now prove the estimate (|2.9|) on these coefficients Cfc, m +i(7). Let us consider 7 G Bk, m +i- According 
to the analysis above, a term of the form f(j)[u,ip) in F k - m+l [u,tj)\ may be originated from one of the three 
terms in the right hand side of (|2.11l) . We estimate the contribution to the coefficient Cfe )m +i(7) of each of these 
three types of terms. 

• Terms of the first kind. Let us assume that in the process described above, the term corresponding to 
7 = (s, a, (3) G Bk, m +i was created as a term of the form d x D ai u- . . . • d x D a *- 1 u- c*™ -1 " 1 !)" 11 V coming from 
F k [u,d™ip], for some 9 = (a, a) £ A k . 

Since this term is of the form f(jy)[u, ip] we have that s — s, a — a and /3 = (1, . . . , 1, m + 1). Therefore 
the contribution of this kind of terms to Ck, m +i{l) can be estimated by 



H fc!(m + l)! 2(m _D fc!(m + l)! 



AT s r ^V^J_ x ^ : s CO \2(m-l) "-• V'"-r x /■ , , 



Terms of the second kind. Now let us assume that the term corresponding to 7 = (s,a,/3) is originated 
as a second term in the right hand side of (|2.1ip . that is, it can be written as a term in 

d x D a >u •...• X Z>**- 1 « • ax/(7)[«. # (2.13) 

for some = (s, a) G ,4^ and 7 = (j, a, ft) £ Ba 5 , m - 

Now we see that since this term is of the form f("f)[u 7 ip], the indices s, a, (3 and s, a, /3, 7 are connected 
as follows: 

— one has s — 1 + j = s, 

— one has a = (<Si, . . . , ag-i, a), 

— the multi- index (3 has the form (3 := (1, . . . , 1, /3), for some (3 £ N 3 , 

— moreover /3 equals to /3 up to a component for which one adds 1 to fy. In other words, if one denotes 
for r £ {l,...,j}, 

n r (§) := (^, . . . ,£._!,&. - l,§_ r+v ■ ■ ■ ,£,), 

then for some r G {1, . . . ,j}, one has J3 = lZ r (f3). 

Now given 7 and j , there is a unique (a, a) and at most j different possibilities of (3 such that this process 
can generate at f('~f)[u,ij}] term (according to r). Moreover such a term (|2.13j) comes with a coefficient 
Ck(9) Ca s mi"))- It follows that the contribution of these terms to the coefficient c& m +i(7) can be estimated 

by ' 

a j 

3 =2 r=l 

Using the previous iterations, Lemma 0] and j3 = lZ r ((3) we deduce 

j=2 r— 1 — ^ 

j=2 r=l i s 1 — — 



With a! := ot\\ . . . as-i! a! and (31 — (31 we infer 

Now using |/3| ^ \(3\ — m + s, we obtain 

^ < (m + s) ±(2j)^^^ < S (m + S )(2 S ) 2 (-^. (2.14) 

• Terms of the third kind. Now assume that the term corresponding to 7 comes from d x F ,m [w, ^]. In that 
case the contribution to the coefficient Ck^m+xil) c& n be estimated by 

s 

N c :=53l Cfc > m ^')l 

such terms, where jj := (s,a,(3j) with (3j := 1Zj{(3) = (0i,...,fij-i,f)j — l,/3j+i, ... ,/3 s ) (assuming 
/3j ^ 1). By the induction hypothesis, we get 

Finally, gathering (|2.12l) - (|2.15l) we obtain 

|c fc , m+ i( 7 )l < (2^) 2(m - 1) ^r(- + 1 + (- + 1)(- + •)) «£ (2^) 2m fc!( ^ 1)! , 
which concludes the proof of Lemma [3) D 

Propagation of inequalities. Using the above formal identity, one can prove the following result. 

Lemma 5. There exists 7 : R + — > R + a positive decreasing function satisfying lim 7(£) = such that for 

L— >+oc 

any fcgN, if for any j, m 6 N swc/i </iai sj m $S 21 — 1 and ^ j ' ^ fc — 1 one /las 

||5^w|U-((-r,r)xT) < 4V mJ) (2.16) 



V " lJ ^ ( m + l)2( j - + 1 )2 £JV3 + 1 a7ld V := IMl£~(-T,r;W»-i.~(T)), ( 2 ' 17 ) 

t/ien, /or anj/ m G N sucft i/ioi ^ to ^ 2/ — 1, 

\\F k > m [u,u}\\ L ~ a _ T , T)xT) < 7 (L)V m , fc . (2.18) 

Proof of Lemma\^ Here we simply denote || • || for || • \\l°°((-t,t)xt)- First, for any 7 := (s,a,(3) £ Bfc jm , one 
has, using (|2.16[) . 

ii/(7)[«,«]ii < 4-n v^ = ^(n {ai + ^ + 1)2 )^ fc+i -^ fc+i - 

Denoting for a € N s , 

T(s ' a):= n(TT^' 

1= 1 



we therefore obtain, using ()2.9[) . 

\\F k <™[u,u]\\ < J2 Ic*,™(7)|[[/(7)[«,«]||, 

fe+i 
< /fc!m!V fe+1 ^ (2 s ) 2(m - 1) 4 s L fe+1 - s ( V T(a,a))( £ T(s,/3) 

s=2 a/ |a|=fc+l-s /3 / |/3|=m+s-l 

We now use [6l Lemma 7.3.3], which we recall for the reader's convenience. 
Lemma 6 ([B]). For any couple of positive integers (s,m) we have 

20 s 



This yields ([2~T5]) with 



<m + l) 2 

|a|— m 



7 (L) :=su P E (2s) 2(m ~ 1) 1600 s L 



2( m -i), annaT i-s {k + lf(m + lf 



(k + 2- s) 2 (m + s) 



It is straightforward to see that 'y(L) — > as L — > +oo. D 

In the sequel we will use the same notation 7 : M. + — > ffi+ for some other positive decreasing functions 
such that lim j{L) = 0, which may change from line to line. Yet these functions will always be, as above, 

independent of k. 

In particular with some slight modifications left to the reader we also get: 

Lemma 7. There exists 7 a positive decreasing function, independent of k, with lim "f(L) — such that for 

L— >+oo 

any k € N, if for any j,m £ N swc/i f/iaf sj m sj 2^ — 1 and ^ j ' ^ k — 1, 

HflSTI^'tilU-a-T.rJxT) < 4V mj «W ||9r^A ± P|| Loo(( _ T , T)xT) < LVV mJ 
iften, /or anj/ meN such that ^ m ^ 21 — 1, 

||i^">,A ± P]|| Loo(( _ T , T)xT) < j(L)LVV m , k . 
Let us also provide the following technical lemma relying on Leibniz's rule. 
Lemma 8. For any mi, mi in N, /or any J:6N, if for any jeN suc/i t/iat sj j ^ fc, /or i — 1,2, one /ias 

H-D : '/i||L^((-r,r)xT) ^ 5V mii j, 

iften 

|^f:)(flVi)(^/2) „ ^ < 400VV mi+m2 , fc . 

ll ~^\jJ 1»((-T,T)XT) 

Proof of Lemma\8i It follows straightforwardly from the following inequality: 

, . v, Lfc/2J+i 1 

^ 2L fc v fc + 2 fc! ( Wl + m2 ) ! y 1 

(mi+m 2 + l) 2 ^ (j + l) 2 (fc- j + 1) 2 
(mi + m 2 + l) 2 6 k 2 



€ 16VV-, 



mi+m2,fc* 



□ 



2.2 Core of the proof 

Let us consider r G (0, T). 

We first deal with smooth solutions u of class C°° . We will explain at the end of this section how to extend 
the analysis to the solutions tackled in Theorem 2] 

First we obtain the following a priori estimates. 

Proposition 1. There exists L > such that the following holds true. Let (u,P) be some smooth functions 
satisfying the equation (|2.ip on (— r, r). Then for any fc G N, for any jgN such that $J m ^ 11 — 1, 

R m # fc A ± P|| LOC(( _ T , T)><T) < £VV m , fc , (2.19) 

||c^£> fc u]U°o (( _ r , T)xT) < 4V m , fe . (2.20) 

Let us recall here that the operators A± are defined in (|2.3|) and V, Vm,fc are defined in (|2.17|l . 
Proof of Proposition^ We establish (|2.19p - (|2.20|) by induction on fc. 

1. For fc = 0, (J2.20I) is straightforward. To get (12.191) . we observe that 

-A + P = A- 1 T[u] and - A_P = Al 1 J"[u]. 
Now it follows from (J2.2I) and Lemma [1] that (|2.19[) at rank holds true for L large enough. 

2. Let us now consider fc > 0. We assume that (|2.19[) and (|2.20|) hold true up to the order fc — 1, and aim at 
proving them at rank fc, for L large enough independent of fc. 



a. First from (|2.1[) and (|2.5|) we infer that 

-2iD k u = -L»' £ " 1 (A + + A_)P. 

Together with the induction hypothesis, we deduce (|2.20|) holds true at rank fc. It remains to prove that (|2.19|) 
holds true at rank fc as well. 

b. We begin by estimating D k F[u] in L°°((— t, t) x T). Applying D k to (12.21) and using Leibniz's rule, we get 

D k F[u] = £ c roi , m2 £ (*) (£^u)(D fc -^u). 

0^mi+m 2 sS2(-l j=0 ^ ' 

Thanks to Lemma [3l we deduce that 

D j d^u = d^D J u - F^ mi [u, u] and D k ~ j d™*u = d™ 2 D k - ] u - F fe ^ m2 [u, u}. 
Then using Lemma [5] and the fact that (|2.20[) is true up to rank fc, we deduce that for L large enough, 

||^firtt|U~((-r,r)xT) < 5V mij j and ||D fe - J '^ 2 u|Uoo (( _ Tjr)xT) < 5V m2 , fc -,, 
Now using Lemma |S] we deduce 



j=0 \ J 



< 400VV mi+m2 . fe . 

L»((-r,r)xT) 



Now we observe that I being fixed, there exists some constants C\,C<2 > such that for any m, fc G N with 
<m<2J-l, 

CiV2i-i,fc ^5 V m ,fe ^ C2V2/-1, fe- 
lt follows that 

p fc ^M|| L oo (( _ T , T)xT) < CW2i_i,fc. (2.21) 
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c. Next we estimate A±D k A±P in L°°((— r, r) x T). Applying D k to the second equation in (|2.1|) and using 
the relations in (|2.5p . we dget 

D fc AP = D k A±A ± P = D k F[u]. 

Now, with the identity (|2.4j) and Lemma [3] we deduce 

A ± P fe A ± P = D fe P[u] + J2 d m F k ' m [u,A ± P], (2.22) 

The first term in the right hand side of (|2.22p was estimated in (|2.21|) . To estimate the second one we use 
Lemma [7] and modify again 7 to get 

\\F k < m [u, A ± P]|| L oo (( _ T , T)xT) ^ 7 (L)LVV m , fe . 

Thus, modifying again 7(X), we get 

||A±^ fe A ± P|| Loc(( _ TiT)xT) < 7(L)XWai_i,*. 

d. Finally we use Lemma [TJ and deduce that 

\\D k A ± P\\ La , ( _ T ^. W 2 l ^ iT)) ^ C7(i)LVV 2 z_i )fc . 

We choose i large enough to absorb the constant C (independently of k) and deduce that (|2.19j) holds up 
to order k. The proof of Proposition [1] is over. □ 



End of the proof of Theorem [H We still suppose in a first time that u is smooth. Now from the definition of £ 
we infer that 

d k+1 t{t 1 x)=D k u(t^(t,x)). 

As mentioned above, the proof of Theorem [3] provides that the flow £ is C 1 over (~t,t) with values in 
Vy 2/_1,00 (T). Thus we infer the following estimates for the flow map: there exists L > such that for any 

keN, 

k)L k 

\\9 t £,\\l°-(-t,t:W 2 <-1-°-(T)) < 7^-pTpll U Ht~(-r,r;W 2i - 1 .~(T))- ( 2 - 23 ) 

(One can again choose L large enough to absorb the constants depending on m.) In particular this yields the 
analyticity in time of £ in the case where u is a C°° solution. 

Let us finally briefly explain how to deduce the result for the general flows considered in Theorem 2] Let 
wo be in W 2l ~ 1,oa (T). By convolution there exists a sequence of smooth functions (uq)„ g n which satisfies 
||M l || H /2i-i,oo( T ) < ||u ||iy2i-i,oo( T ) and converges to u in P 2 '~ 1 (T). 

To these initial data Uq one associates the corresponding smooth flows (^„)„gN for which the previous 
analysis can be applied. In particular the estimates (|2.23[) hold true when one substitutes £ n instead of £ in 
the right hand side. But due to the convergence of Uq to uq in iJ 2 ' -1 (T), we deduce with (|l.llj) that the 
corresponding solutions u n converge to the limit solution u in C([—t,t], W /2i_1 '°°(T)). It follows that the flows 
(Cn)neN converge uniformly to £ (locally in time). Hence passing to the limit when n — > +00 we obtain that 
£ satisfies the estimates (j2.23[) as well, and consequently belongs to the space C a, ((— T, T), W 2l ~ 1,oa (T)) of the 
analytic functions from (-T, T) to W /2i -^ 00 (T). This concludes the proof of Theoremd □ 

3 A concluding remark 

The Camassa-Holm equation possesses solutions of a soliton type, which, because of their shape (at the peak, 
the derivative is discontinuous), have been given the name of peakons. When the equation is set on the whole 
line, a single peakon is given by 

u c (t,x) =ce-l a '- c *l, (3.1) 
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with c > 0, whereas it is called an antipeakon when c < 0. The traveling speed is then equal to the height of 
the peak. By taking a linear combination of peakons one obtains what is called a multipeakon solution. 

n 

uM=£>(i)e-l*-*«l. (3.2) 

i=l 

Then the positions q(t) := (<&(t))i^i^n and the amplitudes p(t) := (?>j(t))i<j<« of the crests are determined in a 
non-linear fashion by the interaction. Actually plugging the ansatz (|3.2p into Eq. (jl.21) we obtain the following 
system of ordinary differential equations: 

n _. n 

ft = E ft-e -1 * 4- " 1 , ^ = 2 E^ si S n (* - ftOe -1 *-* 1 . (3-3) 

m— 1 j — 1 

When m is given by the ansatz (13.2[) . then to, dehned in (|1.3[) . is equal to the following combination of Dirac 
masses: 



and therefore the energy defined in (JTT5J) is given by 



rri 



NlW)= 2 E Pi(*)Pi(*)e- |9i(t) -* (i)l . (3.5) 

Since the energy is time-independant we obtain that the system (|3.3[) reads 

<7i = d Pi n, pi = -d qi H, (3.6) 

with Hamiltonian 

nP,l)--=\ E P.-(*)P J -(*)e- | * ( * ) -« (t)l , (3.7) 

It is straightforward that solutions of p.3[) are analytic with respect to time up to the first collision. 

Higher peakons move faster than the smaller ones, and when a higher peakon overtakes a smaller, there 
is an exchange of mass, but no wave breaking takes place, in the sense that the solution remains Lipschitz. 
Furthermore, the qi(t) remain distinct. However, if some of the Pi{0) have some opposite signs, for instance 
when one peakon and one antipeakon meet, wave breaking may occur. 

The problem of continuation beyond wave breaking was recently considered by Bressan and Constantin [3] 
improving earlier results on the H 1 theory (see the introduction of [3] for more about the history of this theory). 
They reformulated the Camassa-Holm equation as a system of ordinary differential equations taking values in a 
Banach space. This formulation allowed them to continue the solution beyond the collision time, giving a global 
conservative solution for which the energy is conserved for almost all times. Holden and Reynaud proceed in the 
same way but with a different set of variables which simply corresponds to the transformation between Eulerian 
and Lagrangian coordinates see [331 HI] ■ I n the context of peakon-antipeakon collisions they considered the 
solution where the peakons and antipeakons "passed through each other" . Local existence of the ODE system 
is obtained by a contraction argument. Furthermore, their clever reformulation allows for a global solution 
where all singularities disappear. Going back to the original function u, one obtains a global solution of the 
Camassa-Holm equation. In addition to the solution u, one includes a family of non-negative Radon measures 
/j,t with density (u + u^,)dx with respect to the Lebesgue measure. The pair (u, /Jt) is associated to a continuous 
semigroup and in particular, one has uniqueness and stability. Very recently, Bressan and Fonte [4] constructed 
a semi-group of conservative solutions for the Camassa-Holm equation which is continuous with respect to a 
distance J, defined in term of a optimal transportation problem, which is intermediate between H 1 and L . 
The semi-group is actually constructed as the uniform limit of multi-peakon solutions. 

The investigation of the explicit example of the collision of a peakon and of an antisymmetric antipeakon 
reveals that the analyticity of the trajectories of the crests still holds even through the collision if one selects 
the conservative scenario after the collision with an appropriate labelling. Indeed if one look at the collision 
at (t,x) — (0,0) of a peakon pi(t)e~' x ^ qi ^' with Px(t),q[(t) — > c\ when t — )• — oo and of an antipeakon 
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P2(t)e x q2 ^ with pi{t), q' 2 (t) — > ci when t — > — oo, for some c\ > 0, C2 < 0, then one has to glue together the 
trajectories 

tt(t)-hf - -£^g-A *(*) = - h/ *"* 



Cl g cit _ C2 g c 2 t / - \ Cl gCi* _ C2 gC 2 t 



for t < with some trajectories of the form 



ft(t)=M s ..£ ?-^ > &(*) = -]*' " <J 



cie Clt — C2e C2 *y \ v cie Cl * — C2e C2 ' 

for £ > 0. If one looks for the solutions which verify that f R u(t,y)dy and ||m(£, •)IIh' 1 (h) are time independent, 
then one must have {5i,C2} = {ci,C2J, that is, with the arbitrary choice that c\ < £2, £\ = C\, £2 = C2. 
It then remains to choose if one prolongs {qi{t),q2{t))t<o by {qi(t), q2(t))t>o or (<l2(t), qi(t))t>o- Yet since 
lim t __>o- Qi (t) = c i c 2 an d lim t _ >0 + 82 CO = — c i c 2, the only choice which yields analytic trajectories for t running 
over the full line is the first one. 

It should be therefore interesting to determine whether Theorem [2] could be extended to the H 1 conservative 
theory or not. Let us stress here that Theorem Q] contains the case of the periodic counterpart of the peakon 
given in (|3.1[) : the so-called periodic peakons which are of the form 

u 7 (M)= 7 ]Te-l*+"- ct l, (3.8) 

where 7 is chosen in such a way that the height of the crest of the peakon is the same as the speed of the crest, 
that is such that u y (t, ct) — c (cf. [T7J Section 2.1]). 

Appendix. Proof of Theorem [3] 

In this appendix we give a sketch of proof of Theorem [3l We will follow closely the method of [17] . 
Definition 1. Let us define T>i the Banach manifold given by the union of the following two charts: 

Wo := {£(*)= * + /(*)/ /eW 2W '°°(T): |/(0)| < 1/2, essinf f > -1}, 
Ui := {£(*) = x + f(x)/ f 6 W 2l - l ^{T) : < /(0) < 1, essinf f > -1}. 

Let us introduce here a few notations. We denote by R^v the right translation v o £ of v by £ and by P^ the 
conjugate R^PR^-i of a nonlinear operator P. We also define the directional derivative of Pj in direction w as 
follows: let t n> £ t be a C^-path with values in Z?j such that £o = £ an d (^£t)|f = o = w. Then we define the 
directional derivative 

D w Pdf) ■= J t \t=o(PiJ)- 

We introduce 

/(£,«) ^-(A- 1 ^) [«] = -(A- 1 ^)^, with fc:=(J0fiM- 

It is sufficient to prove that / is C 1 in a neighborhood of (Id, 0) in V t x W r2/ " 1 ' 00 (T) (see [171 Theorem 2]). 
Then by scaling properties we can infer that the ODE Cauchy problem 

fou)'(t) = («,/(£,»)), (e,«)(0) = (Jd,«o), 

admits a local-in-time solution in V t x W 2 ' -1 ' 00 ^) for any u Q £ W 21 ' 1 ' 00 ^). 
Since 

A- 1 d x = 2i(A+ + A t ^), 

this follows from the two next propositions. 

Proposition 2. Let (o£C\ 27rZ and j <E N. TTien £/ie mapping 

S e Vi m. (-Wx-eo)f 1 e £(WJ'- 1 >~(T),ww' (T)) 

is o/ cZoss C 1 . 
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This can be proved in the same way as [17j Proposition 3]. 
Proposition 3. The map h is C 1 from V { x W 21 ' 1 ' 00 ^) to L°°(T). 
Sketch of proof. The proposition follows easily from the formula: 

f w' 

and from the fact that Ti[u\ is a differential polynomial in u of order 21 — 1. With these formulas, one deduces 
that /i(£, v) is Gateaux-differentiable, and that the differential is continuous, so that h is indeed of class C 1 . □ 

Once the problem is solved in Lagrangian variables one use the following lemma to deduce the existence 
part of Theorem [3] by considering u(t,x) :— v(t,£(t, -) _1 (x)). 

Lemma 9. If £ is in T>i then £ is a homeomorphism and £ _1 is in T>i. Moreover the following map 

is continuous. 

The previous lemma simply follows from Faa di Bruno's formula. Note that the uniqueness in Eulerian 
variables is inferred from the one in Lagrangian variables, cf. [171 Proposition 5]. 
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